ABSTRACT
INTRODUCTION
hile many financial theories are hard to grasp for non-finance majors or general interest readers, there is one important task in everyone's life to wh ich one specific financial concept can easily be applied and which should not be neglected: retirement planning. Moreover, young people very often shy away from ret irement planning because they don't know how to do it or underestimate the effect of early savings. The calculations in this case are kept simple, i.e. I assume constant interest rates and yearly annuities and the absence of taxes or inflat ion. The case requires some basic knowledge of compounding but could as well be handed out towards the end of an introduction to finance or accounting class.
THE TIME VALUE OF MONEY

One-Period Compounding and Discounting
A dollar today is not the same as a dollar next year: one dollar received today can be invested and grow to more than one dollar in one year's time:
where X0 = today's bank balance (present value, PV) X1 = account balance one year from now (future value, FV) i = interest rate Every dollar that is saved today at a rate of, say, 10 % thus yields $1 x 1.1 = $1.1 in the future. But instead of solving for the FV we can also solve for the PV:
While the calculation in equation (1) is called compounding, the calculation in the equation (2) is called discounting. This formula gives us the answer to the question: how much money has to be in our account today in order to accumulate to a specific amount in the future? If our bank balance in one year's time should be $1.10 and the interest rate remains unchanged, then we have to save today. It is easy to show this using a bank account representation:
Year 1 Beginning-of-year balance $ 1.00 + Interest (10 %) $ 0.10 = End-of-year balance $ 1.10
Compounding and Discounting Over Longer Periods
This concept can easily be extended to longer periods by solving the formula for interest on interest:
for the PV:
If we want to know today's required savings that allow us to withdraw $2 fro m our account in two years' t ime (right after interest has been credited to the account at the end of the year), the result is
In other words, we just discount X2 over our investment horizon of 2 periods. The bank balance will then look as follows: 
Compounding and Discounting Multiple Payments
A pension, however, should not consist of one single future pay ment but of a stream of pay ments, a so -called annuity. For this, we can simp ly co mb ine the two above calculat ions (3) and (6) to create a series of two cash flows: by simply adding the two PV's, we can generate two future payments -one that we receive in one year's time and another one that we receive in t wo years' time. In short, if we deposit $1 + $1.65 = $2.65 in a bank account today at an annual interest rate of 10 %, we can withdraw $1.10 at the end of the first and $2 at the end of the second year:
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In many finance textbooks, discounting is graphically depicted using a timeline:
Figure 1. Textbook illustration of discounting
In general, arrows to the left symbolize that the amounts X1 and X2 should be discounted, which leads to the calculation of a PV by adding up the discounted X's:
By contrast, compounding is typically drawn using arrows to the right, and results in the FV by adding up the compounded X's:
Figure 2. Textbook illustration of compounding
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RETIREMENT PLANNING
While planning our retirement, we imp licit ly co mbine Figures (1) and (2). Let us assume that we start saving money this year and deposit an amount X in our account at the end of each year. We ret ire 40 years fro m today in t=40 and, fro m then on, live on our savings and pay ourselves an ordinary annuity Y=50,000 until we pass away in t=65, as illustrated in Figure 3 :
Figure 3. Textbook illustration of retirement planning
To solve this problem, the FV and the PV have to be identical since this is just the amount of money in our bank account that generates a constant 25-year inco me stream of 50,000. Because Y is g iven, we will start with the dashed box.
Step (1): Determine the amount that we have to have saved at the beginning of our retirement (dashed line):
It is now easy to calculate a PV that can satisfy our consumption needs during our retirement. Using the above assumptions, let us suppose that we believe that an annuity of $50,000 at the end of each of the 25 years will be enough. Then we have to discount each single payment over the appropriate number of periods:
Even though this is quickly done with spreadsheets, the calculation is too long for solving it manually. A short -cut formula for the PV of an ordinary annuity, i.e. of an annuity that is paid at the end of a period, is: 
where A = ordinary annuity q = 1+it = number of periods.
Please note that this formula works only with end-of-period, constant payments and a constant interest rate.
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in order to generate a constant cash flow stream of $50,000 at the end of each year over the following 25 years (assuming a constant interest rate of 10 %). Figure 4 represents the dashed part of Figure 3 .
Figure 4. Graphical illustration of the 25-year consumption phase
Step (2): Determine the yearly amounts that we have to save during our working life (dotted line):
Now that we know the required bank balance at the beginning of our retirement in t=40, we can change perspectives and ask ourselves how much we have to deposit every year in order to accumulate $452,852. 
Please note that the first payment yields interest for only 39 periods since it is deposited at the end of the first year until the end of the 40 th year. Analogously, the very last payment does not yield any interest since it is deposited in the very last logical second of our saving scheme.
Again, there is a shorter formula that applies for ordinary annuities and constant interest rates:
Plugging in our values for q and t, equating equation (10) 
Please note again that despite the first payment yield ing interest only over 39 years, we have to plug in t=40 because this is our saving horizon.
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An ordinary annuity of $1,025.44 over a period of 40 years deposited in an account with a return of 10 % y ields a FV of 453,852 which is just enough to satisfy our consumption needs during our 25-year retirement. Figure 5 shows the dotted part of Figure 3 . As an additional illustration, Figure 6 depicts the total bank balance at the end of each year during the entire period of 65 years. The calculations are designed such that after our final consumption in t=65 the balance is zero. Figure 6 . End-of-year bank balance during the accumulation and consumption phase QUESTIONS 1. Assuming a working life of 30 years and an interest rate of 10 %, determine the required ordinary annuity to be able to consume $60,000 at the end of each year over 35 years of retirement. 2. Now suppose you postpone your accumu lation phase and make your first deposit not at the end of this year but at the end of the 5 th year, i.e. you save over 25 years only. The remain ing assumptions from problem 1 remain unchanged. How much do you have to lay aside per year? Ho w much mo re o r less in percentage terms is that compared to the amount in problem 1? 3. Suppose that you can deposit a constant amount of $20,000 at a yearly rate of 5 % at the end of every year over 20 years. How much can you consume yearly over a period of 40 years? 4. Suppose you'd like to invest your money in shares rather than in a bank account during your saving period of 40 years. You expect an annual return of 12 %. When you retire, however, you plan to sell your shares and deposit the entire proceedings in a low-risk bank account yielding a return of just 2%. In my experience the graphical illustration of present and future values helps students better understand the concept. Also the bank account representation serves as a proof that the saving and consumption strategy leads to a bank balance in t=T equal to zero.
POSSIBLE EXTENSIONS
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